In statistical copolymers, there exists a distribution according to molar mass as well as according to chemical composition. Stockmayer derived distribution functions, describing the relative weight of a particular molar mass and composition interval, assuming equal molar masses of the monomer units. In this article we present an extension of the distribution functions, suited for those cases where the aforementioned assumption is not valid. The final mathematical result is a product of the original Stockmayer distribution function and a correction function, due to the unequality of molar masses. I t appears the correction function is dependent on the average composition, the composition deviation, and the ratio of molar masses of the monomers. Furthermore, a three-dimensional representation of distributions has been developed to get insight in the shape of the distributions.
INTRODUCTION
In most cases, the kinetics of a binary copolymerization can be described by the Alfrey-Mayo (AM) model, in which both monomer and ultimate-unit dependent chain-end reactivity are considered. Assuming the AM model to be valid at any arbitrarily chosen conversion, the instantaneous average composition of the copolymer can be predicted by the simple, well-known differential AM model,' according to eq. (1):
(1)
where ri is the reactivity ratio of monomer i , q is the molar feed ratio, and dM,/dM, is the copolymer composition.
As a result of the finiteness of the polymer chains, and the statistical character of the monomer addition and polymer termination processes, in copolymers there exists a distribution according to chain length as well as according to chemical composition. A general theory that embraces the problem of the resulting distributions has been formulated by Stockmayer.2 The distribution functions predict the relative m a s of macromolecules according to chain length and composition, or according to composition irrespective of chain length of the copolymer.
However, the distribution functions are derived provided that equal molar masses could be assigned to both monomers Ml and M2. As a consequence, the application of these functions to real copolymers is hampered since in most copolymerizations the molar masses of the monomer units are unequal. Thus, the predictions of the mass distributions become unreliable.
Because of the fundamental importance of the mass distribution functions and because of the recent development of experimental methods to verify the distributions e~perimentally,~-~ we developed functions, similar to the Stockmayer functions, but suited for systems with monomers of unequal molar masses.
The results of recent comparisons of theoretical and experimental distributions cast doubts on the validity of the integrated AM m~d e l ,~-~ especially at high conversion in bulk and emulsion copolymerizations, probably due to a shift of (apparent) r values with conversion. The instantaneously formed product is strongly affected by the anomalous reaction kinetics. Since a comparison of observed and predicted distributions may contribute to the elucidation of anomalous reaction kinetics5 it is obvious that a reliable prediction, which also takes into account the proper molar masses, is of primary importance.
These considerations justify the need of our extension of the Stockmayer distribution functions.
Theoretical
Under the conditions mentioned by Stockmayer,2 the distribution functions can be derived. In order to obtain the distribution functions of chain length and compositions in copolymers prepared by radical copolymerization during an infinitisemal small conversion interval, it is necessary to determine the relative mass [ W,l( y)dy] of macromolecules having length I and compositions between (Po + y ) and (Po + y + dy). This relative mass is given by eq. (2):
where Po is the average composition of the copolymer, P is the composition of individual chains (molefraction Ml), I the degree of polymerization of individual polymer chains, Ml and M2 the molar masses of the monomers, and m l ( y ) the concentration of Ml radicals with length 1 and compositions between (Po + y ) and (Po + y + dy). The prime indicates that the correct molar masses have been taken into account.
In the special case that equal molar masses are assigned to both monomers, eq. (2) reduces to eq. (3). 
where Here X is the number average degree of polymerization, Qo the average molefraction monomer 2 in the instantaneously formed product, and ri the relative reactivity of monomer i.
The overall distribution of compositions irrespective of chain length, i.e., the chemical composition distribution (CCD), is found by integration of eq. In those cases where the assumption Ml = M2 is not fulfilled, similar mass Equation (2) can be rewritten as eq. (6):
distributions can be determined. Their derivation w i l l be presented.
Here k = M2/M1, the ratio of the molar masses of the monomers. Equation (6) can now be converted into eq. (7) by introducing P = Po + y:
Since the number distribution ( n l ( y ) ) of MI radicals with composition deviation y and with chain length 1 is symmetrical about the composition deviation y = 0,2 eq. (8) is valid:
As a consequence, the denominator of eq. (7) can be reduced to Subsequently, eq. (7) may be converted into a continuous mass distribution function according to eq. (9):
with This mass distribution function [W'(Z, y ) ] , which takes into account the different molar masses of the monomers, is equal to the original Stockmayer distribution function multiplied by a function V dependent on Po, y , and k .
Similarly, the overall distribution of compositions irrespective of chain length (CCD) is found by integrating over all chain lengths Z according to eq.
(10):
The result of the integration is similar to the result of the integration of eq. (5). It also appears that in this case, the distribution function, in which the equality of molar mass is not assumed, is obtained by multiplying Stockmayer's distribution W(Z, y ) with the same function V(Po, y , k).
RESULTS AND DISCUSSION
From the foregoing it appears the mass distribution function, which takes into account the unequality of the molar masses, is a product of two functions.
The first function is the original mass distribution function W(Z, y ) , derived by Stockmayer; the second function is dependent on Po, the average composition, y , the composition deviation, and k, the ratio of molar masses.
To illustrate the shape of the Stockmayer mass distribution function If the average composition (Po) and the ratio of both monomers (k) are assumed to be constant, the function V is only dependent on the composition deviation y . The relative difference between the predicted relative mass according to W(Z, y ) and W(Z, y ) might be expected to increase when y deviates from zero. This behavior is indeed observed in Figs. 2 and 3 . Furthermore, when k, the ratio of molar masses of the monomers deviates from 1, an enhanced discrepancy is also observed.
W(Z,
It should be noted that when y = 0, i.e., P = Po, the relative discrepancy is zero. As a consequence, both m a s functions W(Z, y ) and W(Z, y ) have the same maximum value W(Z,O) at the same composition P = Po. Evidently, when k = 1, the relative discrepancy is zero [V(Po, y, k ) = 11 and W(Z, y ) reduces to W(Z, y). This effect is more clearly illustrated in Fig. 4 . In this figure the relative discrepancy is presented as a function of the average composition, assuming constant ratio k and composition deviation y. From this figure it might also be inferred that an increased relative discrepancy should be expected in those cases where Po increases from 0 to 1 for k > 1 and in those cases where Po decreases from 1 to 0, for k < 1. The results also indicate an enhanced relative discrepancy as k deviates further from unity.
The influence on the relative discrepancy at some selected average compositions Po and constant composition deviation ( y = -0.1) on the ratio ( k ) is It should be emphasized that the distribution functions are only valid for infinitesimal small conversion intervals. However, during the course of most batch copolymerization processes, the monomer feed ratio inevitably shifts as the conversion increases. As a consequence, the average composition of the instantaneously formed product also shifts with increasing conversion. In another publication5 the total m a s distribution is developed for high conversion, with different molar masses of the monomers.
It appears that in many cases the instantaneous distributions presented are not negligible as compared to the conversion distrib~tion.~ This emphasizes the need for the present elaboration on the instantaneous distributions.
CONCLUSION
The presented extension of the Stockmayer distribution functions according to molar mass and composition as well as according to composition irrespective of the molar mass proved very useful in obtaining a reliable prediction of the relative m a s of macromolecules with a particular composition and molar mass.
Our extension of the original theory seems to be a necessity when the ratio of molar masses of the monomers deviates from 1. The discrepancies between the predictions increase when the deviations from the average composicion increase. An enhanced discrepancy is also observed when the average composition (Po) decreases from 1 to 0 for the ratio of molar masses k < 1, and when the average composition (Po) increases from 0 to 1 for k > 1. The discrepancies also increase as k deviates further from unity.
Our extension contributes to the usefulness and widens the range of applicability of the Stockmayer theory, which becomes important now that experimental methods are being d e~e l o p e d~-~ to verify the theoretical copolymer distributions.
